Abstract. A semigroup variety is called a Cross variety if it is finitely based, is generated by a finite semigroup, and has a finite lattice of subvarieties. It is established in which cases the wreath product of two semigroup varieties each of which is an atom of the lattice of semigroup varieties is a Cross variety. Furthermore, for all the pairs of atoms U and V for which this is possible, either a finite basis of identities for the wreath product UwV is given explicitly, a finite semigroup generating this variety is found and the lattice of subvarieties is described, or it is proved that such a finite characterization is impossible.
Statement of the problem and formulation of the main results
This paper is devoted to a systematic study of the wreath products of atoms of the lattice of semigroup varieties. We consider three classical conditions for varieties to be finite: having a finite basis of identities, being generated by a finite semigroup, and having a finite lattice of subvarieties. For all the pairs of atoms U and V for which this is possible, a finite basis of identities for the wreath product UwV is given explicitly, a finite semigroup generating this variety is found and the lattice of subvarieties is described. Definition 1.1. A semigroup variety is called a Cross variety if it is finitely based, is generated by a finite semigroup and has a finite lattice of subvarieties.
The atoms of the lattice L of all semigroup varieties are well known [16] . These are precisely the varieties N 2 of all semigroups with zero multiplication, Sl of all semilattices, L 1 of all semigroups of left zeros, R 1 of all semigroups of right zeros and A p of all Abelian groups of prime exponent p. The main result of the paper can be stated as follows.
Theorem 1.2. If U and V are atoms of the lattice of semigroup varieties, then the wreath product UwV is a Cross variety, except in the following cases:
1) U = V = A p ; here the variety A p wA p = A
p is finitely based but is not generated by a finite semigroup and has an infinite lattice of subvarieties;
2) U = V = Sl and U = Sl, V = R 1 ; here each of the varieties SlwSl = Sl 2 and SlwR 1 is finitely based, is generated by a finite semigroup and has an infinite lattice of subvarieties; 3) U = Sl, V = A p ; here the variety SlwA p is essentially infinitely based, is generated by a finite semigroup and has an infinite lattice of subvarieties.
In § 2 we calculate bases of identities of the wreath products of atoms of semigroup varieties; in certain cases at the same time we produce finite semigroups that generate the wreath products. In § 3 we describe the finite lattices of subvarieties of wreath products or establish their infiniteness (finiteness). Finally, in § 4 we find finite semigroups generating the wreath product of atoms of varieties, if this was not done before. Our main result, Theorem 1.2, is a consequence of Theorems 2.1, 3.1, and 4.1 proved in § § 2, 3, and 4. Theorems 2.1 and 4.1 were announced in [34] . Theorem 3.1 substantially refines Theorem 3 in [34] . All these results were published without proof in [13] . We point out that in Theorem 3 in [13] , due to an oversight, the cardinalities of the lattices L(R 1 wL 1 ), L(SlwL 1 ), L(R 1 wSl), and L(A p wN 2 ) were indicated incorrectly, and a mistake was made in indicating the cardinality of the lattice L(SlwN 2 ). The lower estimate for a possible cardinality of the latter lattice was made more precise in [14] .
The author is grateful to the referee for some comments, which allowed us to improve our exposition and reduce the length considerably. In particular, the referee suggested that we introduce the definition of a Cross variety and state the main result as Theorem 1.2. In addition, the proofs of Propositions 2.31, 3.6, 3.12, and 3.17 were reduced.
Calculation of bases of identities of wreath products of semigroup varieties
In this section we prove the following.
Theorem 2.1. The monoid wreath product UwV of atoms of the lattice L of all semigroup varieties does not have a finite basis of identities if and only if U = Sl and V = A p for some prime p. In this case the monoid wreath product of the atoms is essentially infinitely based.
In the proof, as a rule, we calculate the finite basis.
Remark 2.2. According to Proposition 3.3 in [10] , the monoid wreath product UwV of two semigroup varieties is generated as a variety by all the extended standard wreath products of semigroups SwR, where S ∈ U and R ∈ V. Consequently, to verify that an identity is true in the wreath product of varieties UwV, it is sufficient to verify that it is true in any extended standard wreath product of semigroups SwR, where S ∈ U and R ∈ V. Furthermore, according to Algorithm 4.1 and Theorem 4.2 in [10] , an identity In what follows we use the following notation: I(S) is the set of identities that are true in a semigroup S, I(V) is the set of identities that are true in a variety V, 
Proof. By Remark 2.2 it is sufficient to check under what conditions equality (2.2) always holds in S. According to Remark 2.2, the identity (2.1) is true in the wreath product SwR if and only if it is true in R and the identity obtained from equality (2.2) by using the rule ( * ) is satisfied by S. It is easy to verify that equality (2.2) holds identically in S if and only if the identity has the form uz = vz, where u = v ∈ I(R).
Corollary 2.4. The set of identities I(R
Corollary 2.5. The following equalities are valid:
The following lemma is merely a re-formulation of Lemma 4.4 in [15] .
Lemma 2.6 (see Lemma 4.4 in [15] ). Let U be a semigroup variety and let (2.3)
Then the set I(UwL 1 ) of identities that are true in the monoid wreath product of the semigroup variety U and the variety L 1 of semigroups of left zeros coincides with the set I, and the following inclusions hold:
The following assertion follows immediately from Lemma 4.5 in [15] . 
Lemma 2.7. If B is a basis of identities of a periodic variety U, and an identity of the form
Proof. Applying Lemma 2.5 we obtain that the equalities I(W) = {xu = xv : zu = zv ∈ I(Sl) for any z ∈ X} = I and the inclusion I ⊇ {zu = zv : u = v ∈ I(Sl)} = I 1 hold for the wreath product W = SlwL 1 . It is easy to see that the set of identities I(W) coincides with the set I 0 . 
, which is true in the variety var S.
Proof. Obviously, var(SwR) ⊇ N 2 , and therefore |u|, |v| ≥ 2 for a non-trivial identity. By Remark 2.2, the inclusion u = v ∈ I(SwR) means that |u|, |v| ≥ 2, and for any p, q ∈ R the equality (2.9)
is true in the semigroup S. Choosing for the semigroup S one of its divisors, given by the two-element semilattice U 2 = {0, 1} we can argue as follows. If f 1 = g 1 in (2.9), then we set f 1 (1) = 0 and f 1 (a) = 1 for a ∈ R, while the other functions occurring in (2.9), including g 1 , are set to be equal to the function c 1 that is identically equal to 1. Obviously, then the left-hand side of equality (2.9) takes the value 0, while the right-hand side takes the value 1. Similarly, if f 2 = g 2 , then we choose for p a non-zero element in R and set f 2 (p) = 0 and f 2 (a) = 1 for any a ∈ R \ {p}, while the other functions occurring in (2.9), including g 2 , are set to be equal to the function c 1 . Then (2.9) again gives a false equality. Consequently, h 2 (u) = h 2 (v). Moreover, according to Remark 2.2, from equality (2.9) one can deduce that S satisfies the identity
. Furthermore, by the equality c(u) = c(v) for an identity that is true in S, since var S ⊇ Sl, this implies condition 3) of the lemma and, in particular, c(u 1 ) = c(v 1 ). Furthermore, condition 2) for a non-trivial identity u = v implies the validity of condition 1). The lemma is proved.
The next corollary follows easily from the description of the identities of the wreath product of semigroups obtained in Lemma 2.11. Proof. It is easy to verify that the identities (2.13) satisfy the conditions of Lemma 2.16 and therefore they are true in SlwSl. Next, every word u can be written in the form (2.14)
where we have distinguished the first occurrences of the variables x 1 , x 2 , . . . , x n on which the word u depends, and the word u i depends only on the variables x 1 , x 2 , . . . , x i , and u i can also be the empty word. Here we call a word of the form (2.14) a reduced word if the u i are linear words, and the variables in them are ordered according to increasing indices. It is easy to see that by using identity (2.13) one can reduce any word to a reduced word that is equal to it in SlwSl. In order to show that the set of identities (2.13) is a basis of identities for SlwSl it is now sufficient to show that any two different reduced words are not equal in SlwSl. To do this we will show that any identity u = v in SlwSl satisfies the following three conditions:
2) the order of occurrence of the variables in the words u and v is the same; 3) for reduced words u and v we have u i = v i for any i = 1, 2, . . . , n. Condition 1) is obvious. If condition 2) is violated, then the condition of Lemma 2.16 does not hold. Indeed, suppose that
for some i and x i = y i . We set x i = (c 1 , 0) and y i = (g, 0), where g(1) = 0 and g(0) = 1, while the other variables are set to be equal to (c 1 , 1). Then equality (2.2) takes the form
We observe that the right-hand side of equality (2.16) is equal to zero, since it contains the factor g(1) = 0, while the left-hand side of equality (2.16) is equal to 1, since it does not contain the factor g (1) . Now suppose that in the identity u = v the words are reduced but condition 3) is violated. Then for some i ≥ 1 equality (2.15) holds in which either both words u , v are empty or both begin with one and the same variable x i+1 . Suppose that u i = v i . For reduced words u and v, this means that some variable x l (l = 1, 2, . . . , i) occurs in exactly one of the words u i or v i . Suppose for definiteness that
Suppose that the semigroup R contains a subsemigroup isomorphic to the three-element chain
, while the other functions in (2.15) are set to be equal to the function c 1 that is identically equal to 1. Then on the left-hand side of equality (2.15) the first projection contains the factor g(d) = 0 and, consequently, it is equal to 0, while on the right-hand side it does not contain such a factor and therefore it is equal to 1. The contradiction thus obtained shows that condition 3) is satisfied. The proposition is proved.
Analyzing the proof of Proposition 2.17 one can see that for the calculation of a basis of identities for the wreath product of semigroups SwR, where S, R ∈ Sl, the assumptions were used that the semigroup S is non-one-element and therefore the twoelement semilattice U 2 is a divisor of it, while the semigroup R contains a three-element chain U 3 as a subsemigroup. This observation allows us to state the following result. 
are true in the wreath product U 2 wU 2 , but they are false in U 2 wU 3 . Consequently, SlwSl = var(U 2 wU 2 ).
Proof. Indeed, it is easy to see that both identities (2.17) and (2.18) do not satisfy the conditions of Lemma 2.16. Therefore they do not hold in SlwSl and, consequently, by Corollary 2.18, also in the wreath product var(U 2 wU 3 ). On the other hand, using the homomorphism ϕ such that ϕ(x) = (f, p), ϕ(y) = (g, q), ϕ(z) = (h, r) we obtain from the identity (2.17) the equality
When p = 1 equality (2.19) induces the identity x 2 yz = xyz in S = U 2 , and when p = 0 the identity xyzy = xzy. Both identities are true in Sl. Therefore by Theorem 4.2 in [10] (see Remark 2.1) the identity (2.17) is true in the wreath product var(U 2 wU 2 ). The fact that the identity (2.18) is true in the wreath product var(U 2 wU 2 ) can be verified in similar fashion. The remark is proved. Proof. This fact follows immediately from Lemma 2.20, or it can be verified by a straightforward calculation in the wreath product of semigroups SwR, where R ∈ Sl and S ∈ A m . 
Lemma 2.20. An identity u = v is true in A m wSl if and only if 1) c(u)
= c(v), 2) h 1 (u) = h 1 (v),1 , . . . , p k , q 1 , . . . , q l ∈ R and any functions f 1 , . . . , f k , g 1 , . . . , g l ∈ F (R 1 , S), where R ∈ Sl and S ∈ A m . Hence in (2.2) we have f 1 = g 1 , that is, h 1 (u) = h 1 (v).
Lemma 2.23. If the identity (2.20) is true in a semigroup variety, then the identity (2.21) is true in it if and only if the identity
The lemma is proved. i , where 0 ≤ a j ≤ m − 1 (j = 1, . . . , i). We claim that any two different reduced words are not equal in the variety A m wSl. For that we will show that for any identity u = v of the variety A m wSl the following conditions hold: 1) c(u) = c(v); 2) the order in which the variables occur in the words u and v is the same; 3) for reduced words u and v we have u i ≡ v i for any i = 1, 2, . . . , n. Condition 1) obviously holds, since A m wSl ⊇ Sl. If condition 2) is violated, then the conditions of Lemma 2.20 do not hold. Indeed, suppose that condition 2) is violated. Then, for the identity u = v, equality (2.15) holds for some i and x i = y i . Assuming that the semigroup S ∈ A m is non-one-element and, consequently, contains an element b = 1, while the semilattice R ∈ Sl contains the two-element chain U 2 = {d, 1}, in the identity (2.15) we set ϕ(
Then the first projection of the left-hand side of equality (2.15) is a function F 1 (a) that takes the value 1 at the point a = 1, while the first projection of the right-hand side of equality (2.15) is a function F 2 (a) that takes the value b at the point a = 1, since it contains the factor g(1) = b exactly once. Now suppose that the identity u = v satisfies conditions 1) and 2), while condition 3) is violated. Then this identity induces the equality
in which either both the words u , v are empty or both of them begin with exactly the same variable x i+1 . Suppose that u i ≡ v i . For reduced representations we have
, while all the other functions in (2.26) are set to be equal to the function c 1 that is identically equal to 1. Then the identity (2.26) induces an equality of the first projections of elements of the wreath product SwR with the left-hand side equal to g(d)
For reduced representations of the words u and v, this implies that k j = l j for any 1 ≤ j ≤ i. The lemma is proved. Proof. To prove the assertion, first of all we observe that in the proof of Proposition 2.25, the fact that the active semigroup R of the wreath product of semigroups contains a subsemigroup isomorphic to the three-element chain was used only in the very last part of the proof. We now modify this last argument. Namely, we consider the homomorphism ψ i of a free semigroup into the wreath product SwR that differs from the homomorphism ϕ i indicated above by the fact that in it we choose the function g : U 2 → C(m) so that g(1) = 1 and g(0) = b = 1. Then the identity (2.26) induces an equality such that the first projection of the left-hand side equals g(0)
k i +···+k n = b k i +···+k n , while the first projection of the right-hand side is equal to g(0)
Based on the equality of these sides in the group, we obtain that (2.27)
Next, setting i = n in equality (2.27) we obtain k n = l n , setting i = n − 1 we obtain k n−1 = l n−1 , and so on. Thus, we find that two reduced representations for equal words in the wreath product of varieties A m wSl coincide.
To obtain a basis of identities for the variety A m wR 1 we prove several preliminary assertions. In this case we do not follow the usual method that relies on the description of all the identities of the wreath product of varieties; instead, we use information about the structure of the semigroups of the wreath product of varieties. Proof. For the wreath product SwR we set ϕ(
Thus, identity (2.28) is true in the wreath product of varieties A m wR 1 . Next, as already mentioned in the proof of Proposition 4.2 in [12] , the fact that the identity (2.28) is true in a variety means that all semigroups of this variety are completely simple semigroups over a group of exponent m. This implies the second assertion of the lemma. By Rasin's theorem (see [16, Theorem 20.1] or [7, 31] ), the semigroup S m has a basis of identities formed by three identities: namely, the identity (2.28) and the following two identities: 
and, similarly,
Since the semigroup S is commutative, it follows that the identity (2.29) is true in the wreath product SwR. Consequently, A m wR 1 ⊆ var S m . We now show that S m ∈ A m wR 1 . To do this we observe that by virtue of the proof of Proposition XI.3.1 in the book [23] , the Rees matrix semigroup The fact that the varieties SlwA n are essentially infinitely based was proved in [12] . The fact that the wreath product of the group varieties has a finite basis follows from the results of the well-known book [6] . Indeed, the wreath product of varieties A m wA n , being a metabelian variety, has a finite basis of identities [6, Theorem 36.11].
The calculation of the lattices of subvarieties of the wreath products of atoms
In this section we prove Theorems 3.1 and 3.2, which yield the assertion of Theorem 1.2, that the lattice of subvarieties of the wreath product of atoms is finite. The proof actually consists of the proofs of several propositions corresponding to different cases of these theorems. Note that all the proofs given below use the information about bases of identities obtained in § 2. As a rule, we also use the description of the identities of the wreath product of varieties UwV. In the simplest cases this description is not formulated explicitly. Table 2 . Table 2 .
Proof. This proposition covers all the cases of atoms of the lattice of semigroup varieties in which the wreath product of atoms coincides with their lattice join. Then the lattice L(UwV) is well known (see, for example, [25] ). In Figure 2 we use the following additional notation: 3 ). Then the identity u = v does not satisfy either condition 1) that either u = v be a trivial identity or |u|, |v| ≥ 3, or condition 2) that t 1 (u) = t 1 (v) from the description of the identities of the set I (R 1,3 ) . Case 1. Suppose that t 1 (u) = t 1 (v). Then an identity of the form u 1 x = v 1 y, where x = y, is true in U. We multiply this identity on the left by x 1 x 2 , where x 1 and x 2 are distinct variables that do not belong to the set {x, y}. By using the identity x 1 x 2 z = y 1 y 2 z we obtain the identity x 1 x 2 x = y 1 y 2 y. Thus, U ⊆ var{x 1 x 2 x = y 1 y 2 y} = N 3 . All the subvarieties of the variety N 3 are known and can easily be calculated.
Case 2. Now suppose that the identity u = v does not satisfy condition 1). We can assume in addition that t 1 (u) = t 1 (v); otherwise case 1 can be applied to U and U ⊆ N 3 . Next, we can assume that then |u| ≤ 2 and |v| ≤ 3. In this case, the identity z 2 = z 3 = y 1 y 2 z is automatically true in U. Consequently, U ⊆ RN 3,2 . It is easy to see that the variety W 1 = SlwL 1 contains the variety var P generated by the three-element semigroup P = {0, e, a} in which ae = a, e 2 = e, and all the other products are equal to 0. The semigroup P is well known in the literature (see the survey [17] , as well as [3, 8] ). It is known that the variety var P has the following basis of identities:
The proposition is proved. In Figure 3 we use the following additional notation:
Proof. By Theorem 1.1, W 1 = var{zx = zx 2 , zyx = zxy}. On the other hand, it is known that V = var{zx = zx 2 , zyx = zxy, zx = z 2 x}. By using Lemma 18 in [4] it is easy to establish that the variety W 1 contains 5 subdirectly indecomposable semigroups: namely, the two-element semigroups L of left zeros, N with zero multiplication, the semilattice U 2 , the semigroup L 0 that is equal to L with an externally adjoint zero, and the semigroup P defined above. As is well known, each variety of semigroups is generated by its subdirectly indecomposable semigroups. Consequently, it is easy to list all the subvarieties in W 1 : 
(U) \ I(W).
It is obvious that for the identity u = v at least one of the three conditions of Lemma 2.13 is violated. We consider two cases.
Case 1. Suppose that some identity u = v with the condition c(u) = c(v) is true in U.
We multiply the identity u = v on the left by the factor z 1 z 2 , where z 1 , z 2 / ∈ c(uv), and obtain the identity z 1 z 2 u = z 1 z 2 v, in which there is a letter y that occurs in exactly one of the words z 1 z 2 u or z 1 z 2 v. For definiteness suppose that y ∈ c(u) \ c (v) . In this identity we set φ(z i ) = z i (i = 1, 2), φ(y) = y, φ(t) = x for any t ∈ X \ {z 1 , z 2 , y}. As a result we obtain the identity z 1 z 2 yx = z 1 z 2 x, which is true in U ⊂ W and which in W easily implies the identity
It is known that the identity (3.3) defines the variety L 2,3 , which is an idempotent of the monoid MV of all semigroup varieties. As already noted in [15] , the lattices L(L j,m ) are finite for any m ≥ 1, j ≤ m.
Case 2. Now suppose that I(U) does not contain identities with the condition c(u) = c(v), that is, all the identities in I(U) are homotypic. We can assume in what follows
that the identity u = v is homotypic and the words u and v in it are reduced in the set I(W), that is, each of them has one of the following forms: 
Here it is possible that the letter x is absent in (3.5) if (3.4) depends only on four letters; but in any case, |u |, |v | ≤ 7, and (3.5) depends on at most 5 letters. Consequently, up to W-equivalence there are at most finitely many homotypic identities u = v that satisfy |u|, |v| ≥ 3. Obviously, up to W-equivalence there are also finitely many such identities that satisfy |u| ≤ 2.
Every subvariety U ⊆ W containing Sl can be defined by some set of homotypic identities. Since there are finitely many such sets, the lattice L(SlwN 2 ) is finite.
The description of the lattice L(A p wR 1 ) follows from the description of all subvarieties of the variety of completely simple semigroups over Abelian groups (see [7, Theorem 4]) and from Proposition 2.30, which indicates a basis of identities of the variety A p wR 1 and a completely simple semigroup S p generating this variety. In Figure 5 we denote the variety A p ∨ R 1 ∨ L 1 by V. For completeness we point out that from the description of the identities of the atoms of the lattice of semigroup varieties it easily follows that
The description of the bases of identities for these varieties which follows from [7, Theorem 4 ] is more complicated. The fact that these are the same varieties follows from the following remark, which can be easily verified.
Remark 3.10. The following equalities hold:
To describe the lattice L (A p wN 2 ) we first give a description of the identities of the variety A m wN 2 . A m wN 2 are given by I(A m wN 2 
Proposition 3.11. The identities of
Proof. The first two conditions follow from the inclusion A m wN 2 ⊇ A m ∨ N 2 . Next, let V m = A m wN 2 and let u = v ∈ I(V m ). This identity induces the equality
, where S ∈ A m and R ∈ N 2 . By condition 1) we can assume that k, l ≥ 2. Taking into account that R ∈ N 2 we can rewrite equality (3.9) in the form
According to Remark 2.2, the last equality induces the identity (3.11)
in A m . If we choose p 1 = 0, q 1 = 0, which is possible in the case |R| ≥ 2, then in (3.11) we have
, then the identity (3.11) violates condition 2), but condition 2) is true in A m . Thus, condition 3) is also satisfied for an identity u = v ∈ I(V m ).
Conversely, any identity u = v satisfying conditions 1)-3) of Proposition 3.11 can be derived from the basis (2.11) indicated in Lemma 2.15 and, consequently, is true in V m . Indeed, if an identity u = v satisfies conditions 1)-3) and is non-trivial, then by using the identities xyz m = xy and z 1 z 2 xy = z 1 z 2 yx we can reduce any word u of length greater than 1 to the form
Suppose that the word v in the identity u = v is reduced to the form
k . Hence we obtain that a i + 2 ≡ b i + 2 (mod m). Thus, the identity x 2 yx m−1 = x m+1 y holds in V m . But this identity can be derived from the identities of the basis (2.11). A similar argument is possible if h 2 (u) ≡ xy. The variables in the reduced word (3.12) are ordered as follows: h 1 (u), c(h 2 (u)) \ h 1 (u), and then according to the order in the alphabet X, where X is a denumerable ordered alphabet. In Figure 6 , U p denotes the variety A p ∨ L 1 ∨ N 2 , and V p the variety A p wN 2 , and
Remark 3.13. The identities zyx = zxy and zxy p = zx form a basis of identities of the variety A p ∨ L 1 ∨ N 2 . Before proving Proposition 3.12 we introduce some notation and state two lemmas from [4] . Let
where q is a prime.
Lemma 3.14 ([4, Lemma 5]). If the identity xy = (xy) n+1 (n ≥ 1) is true in a variety U, which does not contain the varieties
or M (q) for any prime q, then the identities x n+1 y = xy = xy n+1 and xy n z n t = xz n y n t are true in U.
Lemma 3.15 ([4, Lemma 16])
. If the identities x n+1 y = xy = xy n+1 and xy n z n t = xz n y n t are true in a variety U, then the subdirectly indecomposable semigroups in U are contained in the set {L, In Figure 7 we denote by W p the variety A p wSl, by U p the variety A p ∨ L 1 ∨ Sl, and set
To prove Proposition 3.16 we use the results of [32] . We recall some definitions and introduce notation. We denote by B the variety of all bands, by Re the variety of rectangular bands, by CS the variety of all completely simple semigroups in the signature ·, −1 , by BG the variety of all bands of groups in the same signature. Let LG n = a, f :
LG n is an ideal extension of the semigroup of left zeros by the cyclic group of order n. The semigroup RG n is defined as the right-hand analogue of the semigroup LG n . By Theorem 1 in [32] , a variety V of completely regular semigroups consists of bands of groups if and only if the semigroups LG n and RG n do not belong to V for any integer n, n ≥ 2. [32] . Note that in the case of periodic semigroups the notion of "a variety of semigroups" coincides with the notion of "a variety of completely regular semigroups". The variety BG p of all bands of groups of exponent p is described by the identity Proof. Consider the lattice of subvarieties of the variety A 2,1 = var{x 2 = x 3 , xy = yx}. First of all we note that the lattice L(A 2,1 ) has long been known and is depicted in Figure 8 (see, for example, the survey [25] ). In Figure 8 we also use the following notation: W 0 is the variety var{x 
Then the first identity in the basis of identities of B(var B 2 ) occurs in the basis of B(W 0 ), the third identity is a consequence of the commutativity law, and the second has the following inference chain: 
. Hence we can observe that an identity u = v belongs to the set of identities I(W k ) if and only if it has properties 1), 2) and the following property:
3) t 1 (u) = t 1 (v). It is easy to deduce from this observation that in the set of identities I(W k ), an identity of the smallest lexicographic length in which a linear word is equal to some non-linear word is an identity of the form (3.17)
k . Therefore the identity (3.17) is true in the variety W k but false in W k+1 . Consequently, the inclusion of varieties W k ⊆ W k+1 is strict and the lattice interval I(Sl, R 1 ) is infinite.
Similarly, to prove that the lattice interval I(Sl, A n ) is infinite we note that for the varieties U k = W k ∨ A p the equality I(U k ) = I(W k ) ∩ I(A p ) holds. Hence we can observe that an identity u = v belongs to the set of identities I(U k ) if and only if it has properties 1), 2) and the property 4) for any letter x we have the congruence |u| x − |v| x ≡ 0 (mod p). It is easy to deduce from this observation that in the set of identities I(U k ), an identity of the smallest lexicographic length in which a linear word is equal to some non-linear word is an identity of the form
Therefore identity (3.18) is true in the variety U k but false in U k+1 . Consequently, the inclusion of varieties U k ⊆ U k+1 is strict and the lattice interval I(Sl, A n ) is infinite.
To complete the proof of Theorems 3.1 and 3.2 we consider the case of the wreath product of group varieties. If we consider the wreath product of different group varieties A p and A q , then the description of the lattice L(A p wA q ) follows from the more general Higman theorem (see [6, Theorem 54 .41] or [26] ), and this lattice consists of exactly 5 elements.
In the case where the group varieties involved in the wreath product are the same, we can note that the variety A 2 p is metabelian and, consequently, has a finite basis of identities [6, Theorem 36.11] . On the other hand, by Shmel kin's theorem, this variety is not generated by any finite group [6, Theorem 24.64 ]. This variety contains the infinite p-group 
where
Thus, the lattice interval I(W) contains the infinite chain of varieties (3.20)
where N k is the variety of nilpotent groups of class k. Theorems 3.1 and 3.2 are proved.
Remark 3.19. In [1] it is noted that for p = 2 the chain (3.20) in fact gives the entire lattice of subvarieties in L(A 2 2 ). Remark 3.20. We do not have complete information about the structure of the lattice L(SlwN 2 ). But it is interesting to point out that this lattice contains substantially more elements than in all other cases of a finite lattice of the wreath product of atoms of semigroup varieties. Namely, the following assertion holds. The proof of this assertion would take up a lot of space and we do not give it here.
The lattice L(SlwN

Generating of the wreath product of atoms by a finite semigroup
In this section we prove the following theorem. First of all we note that a large part of the theorem already follows from the preceding results of this paper. We begin with the following well-known and simple remark. This remark and the results of § 2 imply that quite a number of monoid wreath products of atoms of the lattice of semigroup varieties are generated by a finite semigroup. Furthermore, results on generation of the monoid wreath product of atoms of the lattice of semigroup varieties are contained in Theorem 6.1 in [10] R 1 wN 2 , R 1 wR 1 , R 1 wSl, SlwN 2 , SlwL 1 , A p wN 2 , and the case of the wreath product of group atoms. Furthermore, in the case of group atoms, the result of the theorem easily follows from Shmel kin's well-known and beautiful theorem [6, Theorem 24 .64] (see also [18, 19] ), which gives necessary and sufficient conditions for a product of group varieties to be generated by a finite group. is a basis of identities of the variety R 1 wN 2 . We now show that the semigroup T 1 has the same basis of identities. Indeed, for x = e we have y 1 y 2 e = e = z 1 z 2 e, and for x = a we have y 1 y 2 a = 0 = z 1 z 2 a for any values of y 1 and y 2 . If an identity u = v does not belong to the set I (R 1 wN 2 ), then either t 1 (u) = t 1 (v) or the length of at least one of the words |u|, |v| is less than 3. In the first case, in the identity u 1 z = v 1 t, where z = t, we set z = 0, t = e. Then we obtain that the value of the word u is equal to 0, while the value of the word v is equal to e. In the second case we can assume that |u| = 2 and |v| ≥ 2 and, moreover, u ≡ z 2 and v ≡ v 1 z. Setting z = a and setting the values of the other variables to be equal to e, we obtain that the value of the word u is equal to a 2 , while the value of the word v is equal to 0, provided these words are different. Proof. Recall that the description of identities of the variety SlwN 2 was given in Corollary 2.13. By using Remark 2.1 it is easy to establish that the wreath product T 0 = U 2 wN satisfies the same identities as the variety SlwN 2 . 
